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Abstract
Porous materials are effective for the isolation of sound with medium to
high frequencies, while periodic structures are promising for low to medium fre-
quencies. In the present work, we study the sound insulation of a periodically
rib-stiffened double-panel with porous lining to reveal the effect of combining
the two characters above. The theoretical development of the periodic com-
posite structure, which is based on the space harmonic series and Biot theory,
is included. The system equations are subsequently solved numerically by em-
ploying a precondition method with a truncation procedure. This theoretical
and numerical framework is validated with results from both theoretical and
finite element methods. The parameter study indicates that the presence of
ribs can lower the overall sound insulation, although a direct transfer path is
absent. Despite the unexpected model results, the method proposed here, which
combines poroelastic modeling and periodic structures semi-analytically, can be
promising in broadband sound modulation.
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1. Introduction
Owing to their high stiffness-to-weight ratio, multipanel structures are widely
used in engineering applications, such as aircrafts, underwater, and architectural
structures. Their acoustic performance has been studied for a long time [1, 2, 3].
Composite multipanel structures without any attachments or fillings are al-
ways the simplest to operate. Both theoretical, and experimental and numerical
methods are developed with regard to their sound transmission loss (STL); for
example, the theoretical models by Xin [4], Sakagami [5] (with experiments) and
the semi-empirical models by Sharp [1], Gu [6], Davy [7]. These prediction mod-
els were reviewed and compared by Hongisto [3] and Legault [8] contemporarily.
However, none of them are appropriate for the case studied herein.
Composite multipanel structures with attachments or absorption fillings are
emphasized more. However, their absorption fillings are complicated; in most
cases, they are or can be considered as porous materials. Therefore, two widely
used models for porous media can be used, i.e., the Biot theory [9] and the
equivalent fluid model (EFM) [10]. In these absorption filling (cavity) problems,
the EFM, owing to its simplicity, is widely used together with numerical [11]
or semi-analytical methods [8, 12, 13]. For elastic frame porous problems, the
Biot theory should be used [14, 15] as the EFM is invalid. Using the Biot
theory, together with the simplifications of Deresiewicz [16] and Allard [17],
Bolton [18] studied a two-dimensional (2D) multipanel structure with elastic
porous materials, where the closed form expressions for 2D poroelastic field are
obtained. The three-dimensional (3D) counterpart, with closed-form poroelastic
field expressions, has been revealed by Zhou [19]. The effect of flow on these
structures was subsequently studied by Liu [20]. The numerical methods [14]
for these structures, based on the Biot theory, were also developed.
Meanwhile, multipanel structures with attachments were prominent as well.
The focus of the current ongoing study, as the absorption fillings are always ab-
sent under the circumstances, is primarily on those with ribs, resilient mount-
ings, or elastic coatings. One of the most useful methods for these problems
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is the space harmonic series (SHS) introduced by Mead and Pujara [21]. It is
widely used, when periodic ribs [22], structure links [8] or resilient mountings
[13] are present in the double-panel structure. The drawback of SHS was re-
ported by Legault [23]. The Fourier transform method (FTM) [24] is also useful
for these periodic problems. Multipanel structures, with absorption fillings [25]
(or not) [2, 26], were studied using the FTM. In fact, as reported by Mace [24],
the same nature is shared between the FTM and SHS. Another useful method
for these structures is the modal approach. Ribbed structures with simply sup-
ported condition, regarding their vibration [27], structural intensity [28], and
modal characteristics [29], were studied using the modal approach with the ap-
propriate orthonormal modal functions. Although applications in the double
panel [15, 30] can be found, however, relevant orthonormal modal functions for
porous media are not available currently.
Despite fruitful research reported on multipanel structures, studies regard-
ing the combination of periodic structures with porous materials are scarce.
Furthermore, in previous works, rather than the Biot theory, the EFM was
used [8, 13, 25] instead. In the present work, we study the sound insulation
of a periodically rib-stiffened double panel with porous lining, to combine peri-
odic structures and poroelastic materials. The periodic response are formulated
in the SHS; meanwhile, based on the work of Bolton [18] and Zhou [19], the
periodic poroelastic field is obtained in the closed form using the Biot the-
ory. A semi-analytical vibroacoustic model for the periodic composite structure
can subsequently be established. It is solved by adopting the preconditioning
method by Hull [31] with a truncation procedure. The novelty here is that
the closed-form periodic poroelastic field, which is obtained for the first time,
can be used to solve poroelastic problems with periodic boundary conditions
semi-analytically.
In Section 2, detailed model configurations are presented. The bonded–
bonded case is described as an example and the solution procedures are outlined.
Subsequently, the validation and parameter analyses are provided in Section 3;
Section 4 ends with the conclusions.
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 Fig. 1. Schematic diagram of the periodic composite model (the ribs are exaggerated)
2. Modeling procedures for the periodic composite structure
The periodic composite structure is composed of a rib-stiffened double panel
with porous lining, as shown in Fig.1; it is immersed in an inviscid stationary
acoustic fluid. An incident wave Φi = e
jωt−jkr transmits through the structure,
k = (kx, ky, kz) is the incident wave vector, r = (x, y, z), j =
√−1. According
to Fig.1, kx = kicosϕ1cosθ1, ky = kicosϕ1sinθ1, kz = kisinϕ1; here, ki is the
incident wavenumber, ϕ1 and θ1 are the incident elevation angle and azimuth
angle, respectively. The time-dependent term ejωt is omitted henceforth as the
incident wave is time harmonic [8, 32]. The space occupied by the acoustic fluid
on both sides is assumed to be semi-infinite and lossless; the density and sound
velocity are designated as ρi,ci and ρt,ct for the incident and transmitted sides,
respectively.
The ribs are periodically placed along x at a spacing lx, and extend infinitely
along y; the thickness and height are tx and hx, respectively (as shown in Fig.1).
The longitudinal deformation of ribs is ignored as the y dimension is infinite.
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2.1. Velocity potentials in acoustic media
As periodic cavities between the ribs are formed, SHS is used [22] to express
the velocity potential Φ1 of the incident side
Φ1 = Φi + Φr = e
−jkr +
∑
m
Rme
−jkmi r (1)
where kmi = (k
m
i,x, k
m
i,y, k
m
i,z) is the wave vector; Rm is the unknown ampli-
tude of reflected wave harmonics; kmi,x = kx + 2mpi/lx, k
m
i,y = ky; integer
m ∈ [−∞,∞]. According to the wave equation ∂2Φ1/∂t2 = c2i∇2Φ1, ki = ω/ci,
kmi,z =
√
k2i −
(
kmi,x
)2 − (kmi,y)2.
The velocity potential of the transmitted side can be expressed as
Φ2 =
∑
m
Tme
−jkmt r (2)
Here, kmt = (k
m
t,x, k
m
t,y, k
m
t,z) is the wave vector; Tm is the unknown amplitude of
the transmitted wave harmonics; integer m ∈ [−∞,∞]. According to the law of
refraction [33], the wave vector component kmt,x = k
m
i,x, k
m
t,y = k
m
i,y. Substituting
Eq.(2) into the wave equation, we obtain kmt,z =
√
k2t −
(
kmt,x
)2 − (kmt,y)2, kt =
ω/ct.
The corresponding sound pressure p and acoustic particle velocity v can be
obtained by p = ρ∂Φ∂t , v = −∇Φ, once the velocity potential Φ is determined.
2.2. In-plane and transverse vibration of face panels
The two face panels are considered as isotropic thin plates. Their thicknesses,
and displacements along x, y, and z are denoted as hi, ui, vi, wi, respectively;
here, i = 1, 2 correspond to the incident and transmitted side panel. When the
in-plane force and moment are present, the vibration equations are [34]
Li(u, v) = fx, Lt(w) = fz − ∂Mx
∂y
+
∂My
∂x
(3)
where
Li(u, v) = ρh∂
2u
∂t2
−Dp ∂
∂x
(
∂u
∂x
+ ν
∂v
∂y
)
−Gh ∂
∂y
(
∂u
∂y
+
∂v
∂x
)
(4)
Lt(w) = D∇4w + ρh∂
2w
∂t2
(5)
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are the in-plane vibration and transverse vibration operators, respectively; fz, fx
are the external forces along z and x, respectively; the in-plane moment m =
Mxix +Myiy, ix, and iy are unit vectors along x and y, respectively; ρ is the
density, h is the thickness, Dp is the in-plane stiffness, G is the shear modulus,
and D is the bending stiffness. The panel displacement ui = (ui, vi, wi) is
expressed as
ui =
∑
m
Umi e
−j(kmx x+kmy y) (6)
Here, kmx = k
m
i,x, k
m
y = k
m
i,y according to the law of refraction; U
m
i = (U
m
i , V
m
i ,W
m
i )
is the unknown component amplitude vector; integer m ∈ [−∞,∞].
2.3. Flexural vibration and rotation of ribs
The flexural vibration of the ribs is modeled by the Bernoulli–Euler model
and Timoshenko model in this study; a comparison between them is performed.
The rotation of the ribs is modeled by the torsional wave equation.
The Bernoulli–Euler beam (BE–B) equation is [35]
EI
∂4w
∂y4
+ ρA
∂2w
∂t2
= fz
where w is the displacement, ρ is the density, E is the Young’s modulus, I is
the second moment of area, A is the cross-section area, and fz is the external
force. The Timoshenko beam (TS–B) equation is [35]
EI
∂4w
∂y4
−ρI
(
1 +
E
Gκ
)
∂4w
∂y2∂t2
+ρA
∂2w
∂t2
+
ρ2I
Gκ
∂4w
∂t4
= fz− EI
GAκ
∂2fz
∂y2
+
ρI
GAκ
∂2fz
∂t2
where G is the shear modulus, κ is the shear correction factor.
The rotation is determined by [36]
GIp
∂2θy
∂y2
− ρIp ∂
2θy
∂t2
= my
where Ip is the polar moment of inertia, my is the external moment; θy =
∂w2/∂x is the clockwise angle of rotation about the rib-panel interface. Here,
w2 is the panel displacement.
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Subsequently, the forces exerted on the transmitted side plate can be ob-
tained using the equations above and the displacement continuity condition.
The results are
fz = Kzw2, my = Ky
∑
m
jkmx W
m
2 e
−j(kmx x+kmy y) (7)
here Ky = GIpk
2
y − ρIpω2, while
Kz =
EIk
4
y − ρAω2, For BE-B case
EIk4y−ρI(1+E/Gκ)k2yω2−ρAω2+(ρ2I/Gκ)ω4
1+(EI/GAκ)k2y−(ρI/GAκ)ω2 , For TS-B case
(8)
depending on the beam model.
The resultant force exerted by the periodic ribs can subsequently be written
as
Fz =
∑
n
fzδ(x− nlx) +
∑
n
∂my
∂x
δ(x− nlx) (9)
Here, n ∈ [−∞,∞]. It then becomes
Fz =
1
lx
∑
n
∑
m
[
KzW
m
2 + (k
m
x )
2KyW
m
2
]
e−j
(
kmx x+k
m
y y
)
ej2pinx/lx (10)
utilizing Eq.(7) and the Poisson summation formula [32]∑
n=−∞,∞
δ(x− nlx) = 1
lx
∑
n=−∞,∞
ej2pinx/lx (11)
A double summation is present, which renders the problem complicated and
cumbersome. An index separation identity is utilized to eliminate it subse-
quently.
2.4. Poroelastic field with periodic boundary conditions
In poroelastic problems, the appropriate porous modeling technique is not
available when periodic boundary conditions are present. In this study, the field
variables are assumed to consist of six groups of harmonics according to their
wavenumbers, while only six components were considered formerly [18, 19]. The
poroelastic field is subsequently obtained in terms of the harmonic coefficients,
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which can be solved with the proper boundary conditions. The porous material
in this study is assumed to be isotropic with homogeneous cylindrical pores to
obtain an elegant formulation.
The poroelastic equations expressed by solid and fluid displacements us, uf ,
respectively, are [37, 18]
−ω2 (ρ∗11us + ρ∗12uf) = (A+N)∇∇ · us +N∇2us +Q∇∇ · uf (12)
−ω2 (ρ∗22uf + ρ∗12us) = R∇∇ · uf +Q∇∇ · us (13)
where ρ∗11 = ρ11 + b/jω, ρ
∗
12 = ρ12− b/jω, ρ∗22 = ρ22 + b/jω, ρ11 = ρ1 + ρa, ρ12 =
−ρa = ρ2(1−′), ρ22 = ρ2+ρa, b = jω′ρ2(ρ∗c/ρf−1), ρ∗c = ρf [1−2Tc(λ1)/λ1]−1,
λ1 = λc
√−j, λc =
√
8ωρf ′/φσ; ρf is the density of ambient fluid; φ is the
porosity; ρ1 = ρs and ρ2 = φρf are the bulk solid and fluid densities; 
′ is
the tortuosity; σ is the flow resistivity; auxiliary function Tc(x) = J1(x)/J0(x),
J1(x), and J0(x) are Bessel functions of the first kind, first and zero order,
respectively. Parameter A = νsEs/(1 + νs)(1− 2νs) is the first Lame constant;
N = Es/2(1 +νs) is the shear modulus; the coupling parameter Q = (1−φ)Ef ,
R = φEf ; here, Ef = ρfc
2
f [1 + 2(γ − 1)Tc(λ2)/λ2]−1 is the bulk modulus of the
fluid in the pores, cf is the sound velocity of the fluid in pores, γ is the ratio
of specific heats and auxiliary variable λ2 = λc
√−jNPr, and NPr is the Prandtl
number in the pores.
The poroelastic equations of Eqs.(12)-(13) can be reduced to two wave
equations [18, 19] (a fourth-order equation and a second-order equation) when
two scalar potentials ϕs = ∇ · us, ϕf = ∇ · uf and two vector potentials
Ψs = ∇×us, Ψf = ∇×uf are introduced; these potentials are the dilatational
and rotational strains of the corresponding phases [37, 18]. The wavenumbers
corresponding to the wave equations are
{k21, k22} = A1/2±
√
A21/4−A2, k23 = ω2/N(ρ∗11 − ρ∗12ρ∗12/ρ∗22) (14)
Here, the auxiliary term A1 = ω
2(ρ∗11R − 2ρ∗12Q + ρ∗22P )/(PR − Q2), A2 =
ω4(ρ∗11ρ
∗
22 − ρ∗12ρ∗12)/(PR−Q2), P = A+ 2N .
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Utilizing SHS, the solid phase strain es = ϕs, Ωs = Ψs are written as
es =
∑
m
e−j(k
m
x x+k
m
y y)
(
Cm1 e
−jkm1,zz + Cm2 e
jkm1,zz + Cm3 e
−jkm2,zz + Cm4 e
jkm2,zz
)
(15)
|Ωs| =
∑
m
e−j(k
m
x x+k
m
y y)
(
Cm5 e
−jkm3,zz + Cm6 e
jkm3,zz
)
(16)
Here, Cmi (i = 1, 2...6) are the unknown amplitude of the harmonic components;
km1,z, k
m
2,z, k
m
3,z are the z component of the corresponding wave vectors; the law
of refraction is used here. According to Eqs.(12)-(13), the fluid phase strain
ef = ϕf , Ωf = Ψf are
ef =
∑
m
e−j(k
m
x x+k
m
y y)
(
bm1 e
−jkm1,zz + bm2 e
jkm1,zz + bm3 e
−jkm2,zz + bm4 e
jkm2,zz
)
(17)
|Ωf | = gs (18)
where bm1 = (a1 − a2k21)Cm1 , bm2 = (a1 − a2k21)Cm2 , bm3 = (a1 − a2k22)Cm3 , bm4 =
(a1 − a2k22)Cm4 , g = −ρ∗12/ρ∗22; the auxiliary term a1 = (ρ∗11R− ρ∗12Q)/(ρ∗22Q−
ρ∗12R), a2 = (PR − Q2)/ω2(ρ∗22Q − ρ∗12R). Using the definition of poten-
tials and substituting Eqs.(15)-(18) into Eqs.(12)-(13), subsequently kmi,z =√
k2i − (kmx )2 − (kmy )2 (i=1,2,3) can be obtained.
The field variables are composed of six groups of harmonics (i.e., ±km1,z,
±km2,z, ±km3,z) here. According to Bolton [18] with ∇ ·Ωs = 0 and ∇ ·Ωf = 0
[38], the poroelastic displacement u = [usx, u
s
y, u
s
z, u
f
x, u
f
y , u
f
z ]
T is obtained
u =
∑
m
e−j
(
kmx x+k
m
y y
)
YmemCm (19)
where
em = diag(e
−jkm1,zz, ejk
m
1,zz, e−jk
m
2,zz, ejk
m
2,zz, e−jk
m
3,zz, ejk
m
3,zz) (20)
Cm = [C
m
1 , C
m
2 , C
m
3 , C
m
4 , C
m
5 , C
m
6 ]
T (21)
the matrix em is a 6×6 diagonal matrix. The elements of the coefficient matrix
Ym are given in Appendix A. The forces in the porous media are [9, 37]
σij = 2Neij + (Ae
s +Qef )δij (22)
s = Qes +Ref (23)
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where σij and s are the forces in the solid and fluid phase, δij is the Kronecker
delta, eij is the normal (i = j) or shear (i 6= j) strain
eij =
∂ui/∂xi, i = j1
2 (∂ui/∂xj + ∂uj/∂xi) , i 6= j
, δij =
1, i = j0, i 6= j (24)
2.5. Boundary conditions
The boundary condition notation of Bolton [18] is used; the connection
type can be bonded–bonded (BB), bonded–unbonded (BU), and unbonded–
unbonded (UU). The related boundary conditions are not presented herein, as
they can be found in Bolton [18], Zhou [19] and Liu [20], etc. It is noteworthy
that a right-handed coordinate system is used by Liu and herein, while Bolton
and Zhou used the left-handed one. The detailed expressions are identical for
the 2D case; however, in the 3D case, some modifications should be performed
between the two coordinate systems.
2.6. System equations and solution procedures
The BB case is used as an example to demonstrate the solution procedure.
The related boundary conditions are
(i) − jω∂Φ1
∂z
=
∂2w1
∂t2
(ii) Li(u1, v1) = τzx
(iii) Lt(w1) = jωρiΦ1 + (σz + s)− h1
2
(
∂τzx
∂x
+
∂τzy
∂y
)
(iv) usz = w1 (v) u
f
z = w1 (vi) u
s
x = u1 −
h1
2
∂w1
∂x
(vii) usy = v1 −
h1
2
∂w1
∂y
(viii) usz = w2 (ix) u
f
z = w2
(x) usx = u2 +
h2
2
∂w2
∂x
(xi) usy = v2 +
h2
2
∂w2
∂y
(xii) Li(u2, v2) = −τzx
(xiii) Lt(w2) = −jωρtΦ2 − (σz + s)− h2
2
(
∂τzx
∂x
+
∂τzy
∂y
)
− Fz
(xiv) − jω∂Φ2
∂z
=
∂2w2
∂t2
(25)
10
where Fz is the resultant force exerted by the ribs in Eq.(10); (i)–(xiv) are
applied on the domain interfaces or panel middle surfaces [18, 19].
To eliminate the summation index used, the orthogonal property below
∫ lx/2
−lx/2
e−j(k
m
x x+k
m
y y)ej(k
p
xx+k
p
yy)dx =
lx, m = p0, m 6= p (26)
and a double summation identity
+∞∑
n=−∞
+∞∑
m=−∞
Wme
−jkmx xej2pinx/lx =
+∞∑
n=−∞
Wn
+∞∑
m=−∞
e−jk
m
x x (27)
are used. The derivation of Eq.(27) is given in Appendix B.
Substitute Eqs.(1), (2), (6), (10), (19), (22) and (23) into (25), and utilize
Eqs.(26)-(27), Eq.(25) becomes
Amxm =
∑
n
Bnxn +
p, m = 00, m 6= 0 (28)
where
xm = [C
m
1 , C
m
2 , C
m
3 , C
m
4 , C
m
5 , C
m
6 , U
m
1 , V
m
1 ,W
m
1 , U
m
2 , V
m
2 ,W
m
2 , Rm, Tm]
T
Here, 0 is a zero 14×1 vector; all the elements of the corresponding matrices and
vectors in Eq.(28) are given in Appendix C. Equation (28) should be solved
for every integer m,n ∈ [−∞,+∞], and is thus a matrix system of infinite
dimension.
The Eq.(28) is rearranged using a procedure analogous to Hull [31] to obtain
a solution. The first step is to rearrange xm into
x˜ = [· · · , xTm−1, xTm, xTm+1, · · · ]T (29)
Subsequently, the matrix Am can be rearranged to a block diagonal matrix
A˜ =

. . .
Am−1
Am
Am+1
. . .

(30)
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Here, the blank elements of A˜ are all zero; the matrix Bn can be rearranged to
a full block matrix
B˜ =

. . .
· · · Bn−1 Bn Bn+1 · · ·
· · · Bn−1 Bn Bn+1 · · ·
· · · Bn−1 Bn Bn+1 · · ·
. . .

(31)
where the blank elements of B˜ are in the same pattern as shown in Eq.(31); the
vector p can be rearranged to
p˜ = [· · · , 0T , pT , 0T , · · · ]T (32)
Here, 0T is a zero 1× 14 vector. Subsequently, Eq.(28) can be written as
A˜x˜ = B˜x˜ + p˜ (33)
Equation (33) needs to be truncated to obtain a solution, i.e., truncate
the index number in A˜, B˜ and x˜ to [−mˆ, mˆ]; considerable accuracy can be
ensured by the appropriate convergence criteria. Subsequently, the matrices A˜,
B˜ are reduced to 14Mˆ × 14Mˆ , and the vectors x˜, p˜ are reduced to 14Mˆ × 1,
Mˆ = 2mˆ+ 1; thus, Eq.(33) can be solved using x˜ = (A˜− B˜)−1p˜.
The sound field here can be regarded as the sum of all harmonics. Thus, the
transmission coefficient τ is [8]
τ(ϕ1, θ1) =
ρt
ρi
∑
m |Tm|2 Re(kmt,z)
Re(kz)
(34)
Here, Re(·) is the real operator of a complex variable.
The random STL can subsequently be expressed as [19]
STL = 10 log(1/τ¯), τ¯ =
∫ 2pi
0
∫ pi/2
ϕmin
τ(ϕ1, θ1)sinϕ1cosϕ1 dϕ1dθ1∫ 2pi
0
∫ pi/2
ϕmin
sinϕ1cosϕ1dϕ1dθ1
(35)
Here, ϕmin is the minimum elevation angle.
12
3. Results and discussions
This part begins with a discussion of the convergence characteristics; sub-
sequently, the validation is conducted. Several parameter analyses are per-
formed finally. The rectangular ribs (aluminum) and porous parameters given
in [18, 19, 20] are used. The detailed values are listed in Table 1; they are used if
no other values are specified hereinafter. The random STL is calculated in 1/24
octave bands using the 2D Simpson rule; ϕmin = pi/10 [18] as no convective
flow is present; the integration domain of ϕ1 and θ1 are split into 36 and 90
subdivisions, respectively.
3.1. Discussion of the convergence characteristics
A truncation procedure is required to solve the infinite matrix equation
Eq.(33). We set the convergence criteria as ∆STL = 0.1 dB under the maximum
computation frequency (f=10kHz); that is, when the change in STL by one ad-
ditional mˆ item is less than ∆STL, it is considered as converged. A typical
convergence curve of the three boundary conditions is given in Fig.2. Differ-
ent marks (the circle, square, and hexagram for the BB, BU, and UU cases,
respectively) herein show the convergence points in the given figure.
The truncation item number mˆ required for different parameter cases are
shown in Fig.3. As shown, mˆ is dependent on both the boundary conditions
and parameter values. A related study concerning mˆ is in progress; however,
no conclusion can be drawn currently. Therefore, one needs to determine mˆ in
every numerical case when the proposed method is used. This is the primary
drawback of the proposed method.
3.2. Model Validation
The poroelastic field expressions are validated using the theoretical results
of the unribbed double-panel structure with porous lining (corresponds to B˜
as a zero matrix and lx tends to infinity) by Bolton [18] (2D), Zhou [19] (3D)
and Liu [20] (3D). The rib-stiffened configurations are validated with the FEM
13
Table 1
Parameters in the periodic composite structure: air gap thickness ha = 14 mm for the BU
case; ha1 = 2mm, ha2 = 6 mm for the incident and transmitted sides in the UU case,
respectively; the characteristic thicknesses are d = hp, (hp + ha), and (hp + ha1 + ha2) for
the BB, BU, and UU cases, respectively; the gap properties ρg = ρi, cg = ci and the
transmitted side media properties ρt = ρi, ct = ci
Parameters Physical description Value
Acoustic media
ρi density (incident side) 1.205 kg/m
3
ci sound velocity (incident side) 343 m/s
Double-panels
ρp density of face panels 2700 kg/m
3
Ep Young’s modulus of face panels 70×109Pa
νp Poisson’s ratio of face panels 0.33
h1 panel thickness (incident side) 1.27 mm
h2 panel thickness (transmitted side) 0.762 mm
hp thickness of porous core 27 mm
Ribs
lx rib spacing along x 50d
tx rib thickness 1 mm
hx rib height 20 mm
Porous media
ρs bulk density of solid phase 30 kg/m
3
ρf density of fluid phase 1.205 kg/m
3
Es Young’s modulus (solid phase) 8×105Pa
νs Poisson’s ratio (solid phase) 0.4
ηs loss factor (solid phase) 0.265
φ the porosity 0.9
′ the tortuosity 7.8
σ flow resistivity 2.5×104 MKS Rayls/m
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Fig. 2. Variation in STL with truncation item number mˆ at f=10kHz (lx=50d)
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Fig. 3. Truncation item number mˆ required for (a) the rib model case (1 BE-B, 2 TS-B);
(b) the torsion motion case (1-with, 2-w/o); (c) the rib spacing lx case (1–4 correspond to
lx/d=20, 50, 100, 150 respectively) ; (d) the area moment of inertia I case (1-4 correspond
to tx/hx=1/3, 1/5, 1/10, 1/20 respectively)
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results, as no theoretical or experimental result can be found in the literature
thus far, to the authors’ knowledge.
3.2.1. Validation of poroelastic field expressions
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Fig. 4. Validation of porous modeling with Bolton (2D)
The model is first reduced to 2D by setting θ1=0. The comparison of results
with Bolton are presented in Fig.4 and the consistency is good. Subsequently,
the validation with Zhou [19] and Liu [20] when the external flow Mach number
M = 0 is performed; the results are shown in Fig.5. The derived poroelastic
field expressions are subsequently verified by these two cases.
3.2.2. Oblique incident STL validation with the FEM results
Several oblique incident cases are compared, as the random STL is clearly
related to the oblique incident case according to Eq.(35). The oblique incident
STL are used in Figs.7-9 for the vertical axis values.
The FEM models are formed by the mixed displacement–pressure form of
the Biot–Allard equations [37]; the viscous and thermal characteristic lengths re-
quired are obtained using an equivalent relationship [10, 37] Λ = (8µf 
′/σφ)1/2,
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Fig. 5. Validation of porous modeling with Zhou (3D) and Liu (3D)
Λ′ = 2Λ; here, µf is the dynamic viscosity of the fluid in the pores. The per-
fectly matched layer (PML) and periodic boundary conditions (periodic BC)
are used. The symmetric boundary conditions (symmetric BC) for the y coor-
dinate are also used, as the structure is infinite in the y direction. A schematic
description of the FEM configuration is shown in Fig.6. The FEM calculations
are performed using COMSOL.
 
Fig. 6. Schematic diagram of the FEM model: the periodic BC is applied on the surfaces
vertical to x (the surfaces I–V etc.); the symmetric BC is applied on the surfaces vertical to
y (the surfaces 1–5 etc.)
The results are given in Figs.7-9 for the BB, BU, and UU cases, respectively.
The overall consistency and critical local differences with the FEM results are
both satisfactory. In all oblique incidence cases, on average, the STL differences
are less than 2 dB (absolute value), while the relative differences are all no more
than 10% of the FEM results except for a few asynchronous extrema. This is
17
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Fig. 7. Validation of the 3D oblique incidence BB boundary case: (a) ϕ1 = pi/4, θ1 = pi/4;
(b) ϕ1 = pi/4, θ1 = pi/3; (c) ϕ1 = pi/3, θ1 = pi/4; (d) ϕ1 = pi/3, θ1 = pi/3
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Fig. 8. Validation of the 3D oblique incidence BU boundary case: (a) ϕ1 = pi/4, θ1 = pi/4;
(b) ϕ1 = pi/4, θ1 = pi/3; (c) ϕ1 = pi/3, θ1 = pi/4; (d) ϕ1 = pi/3, θ1 = pi/3
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Fig. 9. Validation of the 3D oblique incidence UU boundary case: (a) ϕ1 = pi/4, θ1 = pi/4;
(b) ϕ1 = pi/4, θ1 = pi/3; (c) ϕ1 = pi/3, θ1 = pi/4; (d) ϕ1 = pi/3, θ1 = pi/3
another evidence of the feasibility of the proposed method herein.
The time used in the 3D oblique incidence calculations are listed in Table 2.
The efficiency is pronounced, while the FEM is expensive owing to the refined
model required by a large size change. However, the drawback should be noted,
as the convergence verification can consume up to 69.76%, 73.34% and 75.45%
of the total calculation time on average; for the 3D random incidence cases (the
following parameter analyses), more than 80% of the total calculation time could
be used; therefore, an improvement is required. A related study is in progress.
3.3. Influence of the rib reinforcement model on the STL
The beam models mentioned above are used. The STL and its difference
defined as the Timoshenko beam case minus the Bernoulli–Euler beam case for
different boundary conditions are shown in Fig.10.
An overall consistency is found for the BB case, while approximately 2 dB
differences (under most frequencies) are found for the BU and UU cases. It
is confirmed by the FEM results (the configuration in section 3.2.2 is used
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Table 2
Time used by the oblique incidence cases: CC.T is the convergence check time, and C.T is
the calculation time. A periodic span along x is used in the FE Model; there are 310228,
202882, and 270319 unstructured 3D elements used for the BB, BU, and UU cases,
respectively
BB Case (s) BU Case (s) UU Case (s)
(ϕ1,θ1) FEM CC.T C.T FEM CC.T C.T FEM CC.T C.T
(pi/4, pi/4) 39482 4.522 2.134 14132 4.054 2.152 10593 3.610 1.645
(pi/4, pi/3) 65396 3.305 1.554 13690 4.003 1.535 10461 3.173 1.088
(pi/3, pi/4) 53677 3.736 1.526 13940 4.945 1.537 10638 4.018 1.118
(pi/3, pi/3) 40299 3.980 1.544 15151 5.209 1.348 10823 4.507 1.098
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Fig. 10. Results of different beam models (a) the STL of different cases; (b) difference
between beam models in each boundary condition. The legends of (b) are the same as (a)
hereinafter) that the combined flexural and torsional modes of the ribs around
1372 Hz appeared; one of these modes (UU case, eigenfrequency = 1375 Hz)
is shown in Fig.11. Owing to the consistency of the two beam models, the
Bernoulli–Euler beam model is preferable. It is used in the following.
20
Fig. 11. UU case, eigenfrequency = 1375 Hz. surface contour: the magnitude of total
displacement; arrow: the magnitude and direction of displacement vector ; dotted line: the
mode shape around ribs
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Fig. 12. Results of torsion motion (a) STL when torsion is present or absent; (b) STL
decrease when torsion is considered. The legends of (b) are the same as (a)
3.4. Influence of the torsion motion on the STL
The influence of torsion is discussed, although the transverse motion is more
important in the acoustics; the detailed results are shown in Fig.12. The STL
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Fig. 13. BU case, eigenfrequency = 1455 Hz: the torsional modes of ribs. surface contour:
the magnitude of total displacement; arrow: the magnitude and direction of displacement
vector; dotted line: the mode shape around ribs
decrease emerges and can be larger than 5 dB when the frequency exceeds 1454
Hz (indicated in Fig.12). This is due to the emergence of the torsional mode of
ribs (confirmed by the FEM results, as shown in Fig.13). Owing to the energy
consumption by the torsional mode, the STL increases temporarily around the
eigenfrequency and deteriorates when it is further from it. The torsion motion,
with its influence on the STL, should not be neglected.
3.5. Influence of the rib spacing on the STL
The results when the rib spacing lx varies among lx/d = 20, 50, 150 versus
the unribbed case are discussed. As the results of the BB case are analogous to
the BU and UU cases, the details are provided in the supplementary material.
In all three cases, the STL is positively related to lx in general, while degra-
dation occurs compared to the unribbed one. The overall trends are analogous
to the unribbed results [18, 19, 20]. As lx decreases, more fluctuations emerge
and the trough frequencies shift to the lower ones (indicated in Figs.14-15). In
fact, to avoid the wave interference between the ribs, lx should be far greater
than the coincidence wavelength λp of the face panels, which is [35]
λp = c0/fc, fc = c
2
0/2pi
√
ρphi/D (36)
22
Here, c0 is the sound velocity of the adjacent medium, i = 1, 2 for the incident
and transmitted side panels respectively; λp = 36, 22 (mm), respectively. When
lx is not sufficiently large, the interference can be complex and fluctuations
emerge.
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Fig. 14. Influence of lx in the BU case : (a) STL at [1 kHz,10 kHz]; (b) overall STL trend.
The black arrow indicates the direction lx increases
In general, the STL is positively related to lx even while ribs lower to it are
present, although a direct transfer path is absent. This is due to the increase in
the flexural wave speed of the composite structure, i.e., the influence of stiffness
increase is stronger than that of mass increase [39] when the ribs are present.
To obtain a better sound insulation performance, the ribs should be removed
or lx should be increased at the least. Further investigations on the dispersion
relation are required to present a quantitative conclusion.
3.6. Influence of area moment of inertia on the STL
To exclude the influence of mass change, the cross-section area of ribs A =
txhx is maintained constant; subsequently, the area moment of inertia I is in-
versely proportional to tx/hx. Therefore, the investigation is performed with
23
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Fig. 15. Influence of lx in the UU case : (a) STL at [1 kHz,10 kHz]; (b) overall STL trend.
The black arrow indicates the direction lx increases
tx/hx = 1/3, 1/5, 1/10, 1/20.
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Fig. 16. Influence of I in the BU case : (a) STL at [400 Hz,10 kHz]; (b) overall STL trend
In the BB case, as the structural connections are strong, the influence of I
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Fig. 17. Influence of I in the UU case : (a) STL at [400 Hz,10 kHz]; (b) overall STL trend
is found to be weak; therefore, the results are presented in the supplementary
material. As shown in Figs.16–17, the STL decreases with the increase in I (as
tx/hx decreases) under a relatively low frequency range (i.e., between 100 Hz
and 1 kHz); this is due to the increase in the phase velocity vb of the ribs [35]
vb =
(
EIω2/ρA
)1/4
(37)
which is proportional to the group velocity in this study; thus, a better energy
transmission and lower insulation are anticipated. In the higher frequency range,
the STL curve is analogous to the unribbed case [18, 19]; it is the superposition
of the unribbed STL and the fluctuations caused by the ribs.
In general, the influence of I occurs in the low-frequency range, within which
the STL is negatively related to I. To obtain a better sound insulation in the
low-frequency range, a smaller area moment of inertia is preferred for similar
structures.
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4. Conclusions
We herein proposed a one-dimensional periodic composite structure: a peri-
odically rib-stiffened double panel with porous lining, to investigate the effects of
combining a periodic structure and poroelastic problem. This periodic poroelas-
tic problem was studied in terms of its sound insulation using a semi-analytical
model developed based on the Biot theory and SHS.
We found that the sound insulation was insensitive to the rib reinforcement
model in these structures, while the torsional motion, the rib spacing, and the
area moment of inertia were important; however, their influences were exhibited
in different frequency ranges. The presence of periodic ribs was found to lower
the overall sound insulation, although a direct transfer path was absent. This is
because the flexural wave speed of the periodic composite structure is increased,
and thus its sound insulation is not improved. Additional research should focus
on the dispersion relation to quantitatively understand the combined effects.
The convergence efficiency is also important and requires further investigation.
Despite the unexpected results from the model, the method proposed for the
periodic poroelastic problem, which is efficient with considerable accuracy, can
be promising in broadband sound modulation.
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Appendix A. The elements of the porous field variable coefficient
matrix
To be brief, here kmx , k
m
y , k
m
1,z, k
m
2,z and k
m
3,z are replaced by αm, β, γ1,m,
γ2,m and γ3,m respectively, the elements of the coefficient matrix Ym are
Ym(1, 1) = Ym(1, 2) =
jαm
k21
, Ym(1, 3) = Ym(1, 4) =
jαm
k22
Ym(1, 5) = − j
k23γ3,m
[(γ23,m + β
2)cosθ − αmβsinθ], Ym(1, 6) = −Ym(1, 5)
Ym(2, 1) = Ym(2, 2) =
jβ
k21
, Ym(2, 3) = Ym(2, 4) =
jβ
k22
Ym(2, 5) = − j
k23γ3,m
[(γ23,m + α
2
m)sinθ − αmβcosθ], Ym(2, 6) = −Ym(2, 5)
Ym(3, 1) =
jγ1,m
k21
, Ym(3, 2) = −Ym(3, 1)
Ym(3, 3) =
jγ2,m
k22
, Ym(3, 4) = −Ym(3, 3)
Ym(3, 5) =
j
k23
(αmcosθ + βsinθ), Ym(3, 6) = Ym(3, 5)
Ym(4, 1) = Ym(4, 2) =
jb1αm
k21
, Ym(4, 3) = Ym(4, 4) =
jb2αm
k22
Ym(4, 5) = − jg
k23γ3,m
[(γ23,m + β
2)cosθ − αmβsinθ], Ym(4, 6) = −Ym(4, 5)
Ym(5, 1) = Ym(5, 2) =
jb1β
k21
, Ym(5, 3) = Ym(5, 4) =
jb2β
k22
Ym(5, 5) = − jg
k23γ3,m
[(γ23,m + α
2
m)sinθ − αmβcosθ], Ym(5, 6) = −Ym(5, 5)
Ym(6, 1) =
jb1γ1,m
k21
, Ym(6, 2) = −Ym(6, 1)
Ym(6, 3) =
jb2γ2,m
k22
, Ym(6, 4) = −Ym(6, 3)
Ym(6, 5) =
jg
k23
(αmcosθ + βsinθ), Ym(6, 6) = Ym(6, 5)
where b1 = a1 − a2k21, b2 = a1 − a2k22; whilecosθ = −αm/
√
α2m + β
2, sinθ = −β/√α2m + β2, if α2m + β2 6= 0
cosθ = Inf, sinθ = Inf, if α2m + β
2 = 0
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Here, Inf can be chosen as a large number (e.g., Inf = 10500), as at the normal
incidence (α2m + β
2 = 0) no shear wave is excited [37], Cm5 = C
m
6 = 0 for all
m ∈ [−mˆ, mˆ].
Appendix B. Derivation of the double summation identity Eq.(27)
The basic idea to prove the identity is to use e−jk
m
x xej2pinx/lx = e−jk
(m−n)
x x,
as kmx = kx + 2mpi/lx. Subsequently, the left-hand side of the identity becomes
+∞∑
n=−∞
(
· · ·+W−1 e−jk−1−nx x +W0 e−jk−nx x +W1 e−jk1−nx x + · · ·
)
(B.1)
As the summation index n ∈ [−∞,+∞] in Eq.(B.1), if the summation is
expanded and the index n loops over n − 1 to n + 1, subsequently Eq.(B.1)
becomes{
· · ·+
(
· · ·+W−1 e−jk−nx x +W0 e−jk−n+1x x +W1 e−jk−n+2x x + · · ·
)
+
+
(
· · ·+W−1 e−jk−n−1x x +W0 e−jk−nx x +W1 e−jk−n+1x x + · · ·
)
+
+
(
· · ·+W−1 e−jk−n−2x x +W0 e−jk−n−1x x +W1 e−jk−nx x + · · ·
)
+ · · ·
}
(B.2)
If the terms with e−jk
−n
x x, e−jk
−n+1
x x, e−jk
−n+2
x x... in Eq.(B.2) were collected
individually, Eq.(B.2) becomes{
· · ·+ e−jk−nx x (· · ·+W−1 +W0 +W1 + · · · ) + · · ·
+ e−jk
−n+1
x x (· · ·+W0 +W1 +W2 + · · · ) + · · ·
+ e−jk
−n+2
x x (· · ·+W1 +W2 +W3 + · · · ) + · · ·
} (B.3)
Subsequently, the double summation identity Eq.(27) is obtained
+∞∑
n=−∞
+∞∑
m=−∞
Wme
−jkmx xej2pinx/lx =
+∞∑
n=−∞
Wn
+∞∑
m=−∞
e−jk
m
x x (B.4)
Appendix C. The elements of the matrices in Eq.(28)
To be brief, here kmx , k
m
y , k
m
i,z, k
m
1,z, k
m
2,z, k
m
3,z and k
m
t,z are replaced by αm,
β, γi,m, γ1,m, γ2,m, γ3,m and γt,m respectively, and denote L1 = h1 + hp, L2 =
28
h1 +hp+h2/2, L3 = h1 +hp+h2, subsequently the elements of matrix Am can
be deduced as
Am(1, 9) = jω, Am(1, 13) = jγi,m
Am(2, 1) = 2
Nγ1,mαm
k21
e−jh1γ1,m/2, Am(2, 2) = −2Nγ1,mαm
k21
ejh1γ1,m/2
Am(2, 3) = 2
Nγ2,mαm
k22
e−jh1γ2,m/2, Am(2, 4) = −2Nγ2,mαm
k22
ejh1γ2,m/2
Am(2, 5) = −Ne
−jh1γ3,m/2
k23
[
(β2 + γ23,m − α2m)cosθ − 2βαmsinθ
]
Am(2, 6) = −Ne
jh1γ3,m/2
k23
[
(β2 + γ23,m − α2m)cosθ − 2βαmsinθ
]
Am(2, 7) = −1
2
(1− νp)Dp1β2 +ms1ω2 −Dp1α2m
Am(2, 8) = −1
2
(1 + νp)Dp1βαm
Am(3, 1) = [A+Q+ b1Ef + 2N
γ21,m
k21
− jh1Nγ1,mα
2
m + β
2
k21
]e−jh1γ1,m/2
Am(3, 2) = [A+Q+ b1Ef + 2N
γ21,m
k21
+ jh1Nγ1,m
α2m + β
2
k21
]ejh1γ1,m/2
Am(3, 3) = [A+Q+ b2Ef + 2N
γ22,m
k22
− jh1Nγ2,mα
2
m + β
2
k22
]e−jh1γ2,m/2
Am(3, 4) = [A+Q+ b2Ef + 2N
γ22,m
k22
+ jh1Nγ2,m
α2m + β
2
k22
]ejh1γ2,m/2
Am(3, 5) = −(αmcosθ + βsinθ)
[
(α2m + β
2)h1 + 4jγ3,m − h1γ23,m
] jN
2k23
e−jh1γ3,m/2
Am(3, 6) = −(αmcosθ + βsinθ)
[
(α2m + β
2)h1 − 4jγ3,m − h1γ23,m
] jN
2k23
ejh1γ3,m/2
Am(3, 9) = −D1α4m − 2D1α2mβ2 −D1β4 +ms1ω2, Am(3, 13) = jρiωejh1γi,m/2
Am(4, 1) =
jγ1,m
k21
e−jh1γ1,m , Am(4, 2) = − jγ1,m
k21
ejh1γ1,m
Am(4, 3) =
jγ2,m
k22
e−jh1γ2,m , Am(4, 4) = − jγ2,m
k22
ejh1γ2,m
Am(4, 5) = (αmcosθ + βsinθ)
je−jh1γ3,m
k23
Am(4, 6) = (αmcosθ + βsinθ)
jejh1γ3,m
k23
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Am(4, 9) = −1, Am(5, 1) = jb1γ1,m
k21
e−jh1γ1,m
Am(5, 2) = − jb1γ1,m
k21
ejh1γ1,m
Am(5, 3) =
jb2γ2,m
k22
e−jh1γ2,m
Am(5, 4) = − jb2γ2,m
k22
ejh1γ2,m , Am(5, 5) = (αmcosθ + βsinθ)
jge−jh1γ3,m
k23
Am(5, 6) = (αmcosθ + βsinθ)
jgejh1γ3,m
k23
, Am(5, 9) = −1
Am(6, 1) =
jαm
k21
e−jh1γ1,m , Am(6, 2) =
jαm
k21
ejh1γ1,m
Am(6, 3) =
jαm
k22
e−jh1γ2,m , Am(6, 4) =
jαm
k22
ejh1γ2,m
Am(6, 5) = − je
−jh1γ3,m
k23γ3,m
[γ23,mcosθ + β(βcosθ − αmsinθ)]
Am(6, 6) =
jejh1γ3,m
k23γ3,m
[γ23,mcosθ + β(βcosθ − αmsinθ)]
Am(6, 7) = −1, Am(6, 9) = −1
2
jh1αm
Am(7, 1) =
jβ
k21
e−jh1γ1,m , Am(7, 2) =
jβ
k21
ejh1γ1,m
Am(7, 3) =
jβ
k22
e−jh1γ2,m , Am(7, 4) =
jβ
k22
ejh1γ2,m
Am(7, 5) = − je
−jh1γ3,m
k23γ3,m
[γ23,msinθ + αm(αmsinθ − βcosθ)]
Am(7, 6) =
jejh1γ3,m
k23γ3,m
[γ23,msinθ + αm(αmsinθ − βcosθ)]
Am(7, 8) = −1, Am(7, 9) = −1
2
jh1β
Am(8, 1) =
jγ1,m
k21
e−jL1γ1,m , Am(8, 2) = − jγ1,m
k21
ejL1γ1,m
Am(8, 3) =
jγ2,m
k22
e−jL1γ2,m , Am(8, 4) = − jγ2,m
k22
ejL1γ2,m
Am(8, 5) =
je−jL1γ3,m
k23
(αmcosθ + βsinθ)
Am(8, 6) =
jejL1γ3,m
k23
(αmcosθ + βsinθ)
Am(8, 12) = −1, Am(9, 1) = jb1γ1,m
k21
e−jL1γ1,m
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Am(9, 2) = − jb1γ1,m
k21
ejL1γ1,m , Am(9, 3) =
jb2γ2,m
k22
e−jL1γ2,m
Am(9, 4) = − jb2γ2,m
k22
ejL1γ2,m
Am(9, 5) =
jge−jL1γ3,m
k23
(αmcosθ + βsinθ)
Am(9, 6) =
jgejL1γ3,m
k23
(αmcosθ + βsinθ)
Am(9, 12) = −1, Am(10, 1) = jαm
k21
e−jL1γ1,m
Am(10, 2) =
jαm
k21
ejL1γ1,m , Am(10, 3) =
jαm
k22
e−jL1γ2,m
Am(10, 4) =
jαm
k22
ejL1γ2,m
Am(10, 5) = − je
−jL1γ3,m
k23γ3,m
[γ23,mcosθ + β(βcosθ − αmsinθ)]
Am(10, 6) =
jejL1γ3,m
k23γ3,m
[γ23,mcosθ + β(βcosθ − αmsinθ)]
Am(10, 10) = −1, Am(10, 12) = 1
2
jh2αm
Am(11, 1) =
jβ
k21
e−jL1γ1,m , Am(11, 2) =
jβ
k21
ejL1γ1,m
Am(11, 3) =
jβ
k22
e−jL1γ2,m , Am(11, 4) =
jβ
k22
ejL1γ2,m
Am(11, 5) = − je
−jL1γ3,m
k23γ3,m
[γ23,msinθ + αm(αmsinθ − βcosθ)]
Am(11, 6) =
jejL1γ3,m
k23γ3,m
[γ23,msinθ + αm(αmsinθ − βcosθ)]
Am(11, 11) = −1, Am(11, 12) = 1
2
jh2β
Am(12, 1) = −2Nαmγ1,m
k21
e−jL2γ1,m , Am(12, 2) =
2Nαmγ1,m
k21
ejL2γ1,m
Am(12, 3) = −2Nαmγ2,m
k22
e−jL2γ2,m , Am(12, 4) =
2Nαmγ2,m
k22
ejL2γ2,m
Am(12, 5) =
Ne−jL2γ3,m
k23
[(γ23,m + β
2 − α2m)cosθ − 2αmβsinθ]
Am(12, 6) =
NejL2γ3,m
k23
[(γ23,m + β
2 − α2m)cosθ − 2αmβsinθ]
Am(12, 10) = −1
2
Dp2(1− νp)β2 +ms2ω2 −Dp2α2m
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Am(12, 11) = −1
2
Dp2(1 + νp)αmβ
Am(13, 1) = −[A+Q+ b1Ef + 2N
γ21,m
k21
+ jh2Nγ1,m
α2m + β
2
k21
]e−jL2γ1,m
Am(13, 2) = −[A+Q+ b1Ef + 2N
γ21,m
k21
− jh2Nγ1,mα
2
m + β
2
k21
]ejL2γ1,m
Am(13, 3) = −[A+Q+ b2Ef + 2N
γ22,m
k22
+ jh2Nγ2,m
α2m + β
2
k22
]e−jL2γ2,m
Am(13, 4) = −[A+Q+ b2Ef + 2N
γ22,m
k22
− jh2Nγ2,mα
2
m + β
2
k22
]ejL2γ2,m
Am(13, 5) = −(αmcosθ + βsinθ)
[
(α2m + β
2)h2 − 4jγ3,m − h2γ23,m
] jN
2k23
e−jL2γ3,m
Am(13, 6) = −(αmcosθ + βsinθ)
[
(α2m + β
2)h2 + 4jγ3,m − h2γ23,m
] jN
2k23
ejL2γ3,m
Am(13, 12) = −D2α4m − 2D2α2mβ2 −D2β4 +ms2ω2
Am(13, 14) = −jρtωe−jL2γt,m , Am(14, 12) = jω
Am(14, 14) = −jγt,me−jL3γt,m
Here, Dpi is the in-plane stiffness, Di is the bending stiffness, msi is the surface
density, i = 1, 2 for the incident and transmitted sides, respectively; the defini-
tion of θ is given in the Appendix A; all the other elements in the matrix Am
are zero.
The non-zero element of the matrix Bn is Bn(13, 12) = Kz/lx + Kyα
2
n/lx.
The non-zero elements in the vector p are p(1) = jkz and p(3) = −jρiωe−jh1kz/2.
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